The paper studies the following question: Given a ring R, when does the zero-divisor graph (R) have a regular endomorphism monoid? We prove if R contains at least one nontrivial idempotent, then (R) has a regular endomorphism monoid if and only if R is isomorphic to one of the following rings:
Introduction
Endomorphism monoids of graphs have been studied for quite some time. The main purpose of the study in this field is to reveal the relationship between graph theory and semigroup theory. One may refer to [8] [9] [10] [11] 14] for a survey along the line. The concept of regularity was first introduced by von Neumann in ring theory, where it has played an important role. Just as pointed out in [7] , the most coherent part of semigroup theory at the present time is the part concerned with the structure of regular semigroups of various kinds. The following question was posed in [12] : Given a graph G, does G have a regular endomorphism monoid? It seems difficult to obtain a general answer to this question. In [10] , regular endomorphism of a graph is characterized by means of idempotents. In [14, 11] , connected bipartite graphs and split graphs with a regular endomorphism monoid are characterized.
Another approach to reveal the relationship between algebraic structure and graph structure is using the zero-divisor graph. Let R be a commutative ring with identity 1. The zero-divisor graph of R, denoted by (R), is an undirected graph with vertices Z(R) * , the set of nonzero zero-divisors of R, and for distinct x, y ∈ Z(R) * , x is adjacent to y if and only if xy = 0. The zero-divisor graph of a commutative ring was first introduced by Beck in [6] and has been studied extensively in [1, 2, 4, 5] . The zero-divisor graph concept has recently been extended to noncommutative rings in [3, 13, 15] . Considering the facts above, a natural question arises: Given a ring R, when does the zero-divisor graph (R) have a regular endomorphism monoid? We will study the question in the note. We prove if R contains at least one nontrivial idempotent, then (R) has a regular endomorphism monoid if and only if R is isomorphic to one of the following rings:
where F 1 , F 2 are fields. In addition, we determine all positive integers n for which (Z n ) has the property. We also give examples of local rings (the rings without nontrivial idempotents) whose zero-divisor graphs have (resp. have not) a regular endomorphism monoid.
Throughout the note, all rings are assumed to be finite and commutative with 1 = 0. If R is a ring, Z(R) denotes its set of zero-divisors. A ring R is said to be decomposable if R can be written as R 1 × R 2 , where R 1 and R 2 are rings; otherwise, R is said to be indecomposable. Clearly, a ring is decomposable if and only if R contains at least one nontrivial idempotent. The zero-divisor graph of R, denoted by (R), is a graph with vertex set Z(R)
in which distinct vertices x and y are adjacent if and only if xy = 0. Recall a local ring is a ring such that Z(R) is an ideal of R. It is well known that for a finite and commutative ring R, R is local if and only if R contains no nontrivial idempotents. If R is a local ring, then u + x is a unit of R for any x ∈ Z(R) and a unit u of R. All graphs are assumed to be undirected finite graphs without loops and multiple edges. Let G and H be graphs. A mapping f :
Moreover, if f is bijective and its inverse mapping is also a homomorphism, then we call f an isomorphism from G to H , and in this case we say G is isomorphic to H , denoted by GH . A homomorphism (resp. an isomorphism) from G to itself is called an endomorphism (resp. automorphism) of G. An endomorphism f is said to be half
, we denote the set of all the endomorphisms of G. It is well known that End(G) is a monoid with respect to the composition of mappings. Let x be a vertex of a graph G. The neighborhood (resp. degree)
, is the set of vertices which are adjacent to x (resp. the cardinality of N (x)). An element a of a semigroup S is called regular if a = aba for some b ∈ S, and S is called regular if every element in S is regular. A graph G is called end-regular if End(G) is regular.
The following results quoted from [11] will be used later.
Lemma 1.1 (Li and Chen [11, Lemma 2.1]). Let G be a graph. Then every regular element in End(G) is half-strong.
Let G be a graph. A subset U of V (G) is called complete if every two distinct vertices of U are adjacent and is called independent if no two vertices in U are adjacent. A graph G is called split if there is a partition V (G) = K ∪ S of its vertex set into a complete set K and an independent set S.
Theorem 1.2 (Li and Chen [11, Theorem 2.13]). Let G(V , E) be a connected split graph with V = K ∪ S and |K| = n.
Then G is end-regular if and only if there exists r ∈ {1, 2, . . . , n} such that d(x) = r for any x ∈ S, or there exists a vertex a ∈ S with d(a)= n and there exists r ∈ {1, 2, . . . , n− 1} such that d(x)= r for any x ∈ S −{a} (if S −{a} = ∅).
Results
We begin with the following key lemma. First, we make an easy observation: if a, b are distinct vertices of a graph distinct vertices a, b, c in G satisfying N(c) N(a) N(b) , then G is not end-regular.
Proof. We define a map f from V (G) to itself as follows:
(1) By the observation above, {a, b, c} is an independent set, and it is routine to check that f is an endomorphism on G. We claim that f is not half-strong. Let x be an element in N(a) − N(c). Then f (x) is adjacent to f (c). Note that x / ∈ {a, b, c}, we have f −1 (x) = {x} and f −1 (a) = {c}. It follows that f is not half-strong since x is not adjacent to c. Now, the result follows from Lemma 1.1.
Let x be an element of R. We use ann(x) for the ideal {r ∈ R|xr = 0}. Note that N(x) means the neighborhood of x in the zero-divisor graph (R) and it is easy to see that ann(x) equals to either N(x) ∪ {x} ∪ {0} or N(x) ∪ {0} for any x ∈ Z(R) * . N(x) N(y) , then x 2 = 0, and the remainder can be checked routinely. Since N(x) N(y) , it is easy to check that N(x) ∪ {0} = ann(x) ∩ ann(y) is an ideal of R, and it follows that x / ∈ ann(x), i.e., x 2 = 0, for otherwise, N(x) ∪ {x} ∪ {0} = ann(x) is also an ideal, which is impossible. Now we exploit the above results to investigate the end-regularity of zero-divisor graphs. Let R 1 , R 2 , . . . , R n be rings. + x) ). By (1), x(1 + x) = x and so x 2 = 0, a contradiction.
Lemma 2.2. Let x, y be distinct elements in Z(R)
*
Proof. We only prove if

Proposition 2.3.
(1) If n 4, then (R 1 × R 2 × · · · × R n ) is not end-regular. (2) (R 1 × R 2 × R 3 )
is end-regular if and only if
R i Z 2 for each i. (3) If R 1 , R 2 are fields, then (R 1 × R 2 ) is end-regular. (4) If R 1 , R 2 are local rings, then (R 1 × R 2 ) is not end-regular.
Proposition 2.5. Let R be a local ring. Then (Z 2 × R) is end-regular if and only if R is isomorphic to
Proof. Assume R is a local ring such that (Z 2 × R) is end-regular. According to [5, Corollary 2.7] , (R) contains a vertex which is adjacent to every other vertex and we denote it by z. If (R) is not complete, then there is a vertex Combining Propositions 2.3 and 2.5, we obtain our main result. 
Theorem 2.6. Let R be a ring containing nontrivial idempotents. Then (R) is end-regular if and only if R is isomorphic to one of the following rings:
. By Theorem 2.6, we have k 2, and moreover, if k = 2, then n = pq for distinct primes p, q. Now, consider the case when k = 1. In this case, Z n = Z p We have seen in Corollary 2.7 that (Z p n ) is not end-regular if n 4, so there are a lot of local rings whose zerodivisor graphs are not end-regular. In the final part of the section, we give examples of local rings whose zero-divisor graphs are end-regular.
Let R be a local ring. If (R) is a complete r-partite graph with r 3, then at most one part has more than one vertex by [1, Theorem 3.1], so it is a complete split graph. We immediately obtain the following result by Theorem 1.2.
Proposition 2.8. If R is a local ring such that (R) is a complete r-partite graph, then (R) is end-regular.
There are other local rings R such that (R) are end-regular. Proof. By straightforward calculation, (R 1 ) (R 2 ) is as shown in the diagram. Since any endomorphism of (R 1 ) fixes the vertex O, it is sufficient to show that the graph G of the diagram is end-regular. Now any endomorphism of G is defined by the images of the left-hand vertices of the components of G, and so determines an element of the transformation monoid T 3 (the set of self-maps of a 3-set) and also a member of P = Z 2 × Z 2 × Z 2 . So there is a map from End(G) to T 3 × P , which is easily seen to be an isomorphism, where T 3 has the usual composition and each factor of P is the two-element group with addition modulo 2. Since T 3 and P are both regular, so is G.
